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The expressions for Rosen—Morse Franck—Condon factors derived previoudy yield a
double sum with alternating terms. For higher values of the quantum number the numerical
caculation of the Franck—Condon factors by electronic computers using these expressions
leads to numerical overflow inspite of the use of double-precision (32 digits) arithmetic.
High values for the quantum number in the final ground state of the Rosen-Morse potential
occur in molecular nonradiative rate calculations. Furthermore, the expressions show a lack
of clearness with respect to the parameters of the potential. For out-of-plane modes exact
closed form expressions and exact recurrence relations are derived. Asymptotic expressions
for the matrix elements are calculated. Exact closed form expressions for matrix elements
with quantum numbers which correspond to regions close to the dissociation barrier are
given.

1. Introduction

Recent calculations of dissociation yields of H atoms in benzene [23] as well
as of internal conversion rates [24] in benzene have shown the dominating influence
of out-of-plane modes. Studies of Moore et a. [9] found the out-of-plane modes to
be similarly important in HFCO. When large percentages of the excitation energy are
accumulated in a single out-of-plane mode with low frequency, matrix elements with
high quantum numbers become increasingly important. In such cases, the fina quan-
tum numbers can assume values of 80 and higher as is indeed the case, for example,
in benzene. A double-precision arithmetic (32 digits) fails, however, dready in cal-
culating matrix elements with quantum numbers of about 35-40. It has been the aim
of this work to derive an analytic solution for the evaluation of the necessary matrix
elements, including those which correspond to energy regions near the dissociation
barrier. Asasuitable potentia for the out-of-plane vibrations a Rosen-Morse potential
can be used. In recent years, wave functions, kernels, path-integral expressions and
coherent state analysis have been presented for this potential by different authors [2—
15,17-21,25,26,28-33,35,37,38]. However, very few studies of numerical procedures
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for the calculation of Rosen—Morse Franck—Condon factors have been performed. Only
very recently Zuniga et a. [39] have presented recurrence formulas for Rosen—Morse
Franck—Condon factors and they have pointed out the numerical difficulties in comput-
ing the double summation, gamma functions and factorials. The solutions which are
presented below offer not only exact analytical expressions but allow also to avoid the
double summations. Especialy the summation with repect to very high final quantum
numbers is presented in closed form. The resulting short analytic expressions can be
easily examined with respect to the dependency on the parameters of the potential. In
a subsequent paper Rosen—Morse oscillators with diffferent operators including powers
of the hyperbolic functions as well as derivative operators will be studied [22]. Closed
form solutions for the case of different anharmonicities in the two wave functions of
the integrand have been developed as well.

2. Theoretical considerations

The calculation of S; ~ Sy honradiative rates involving anharmonic out-of-
plane vibrations require a suitable form of the potential energy. The Rosen—Morse
potentia [36] shown in figure 1 has been applied to describe the out-of-plane vibrations
in molecules:

_r
cosh?(azx)

This form is more appropriate than the harmonic oscillator potential, because for high
excitations the molecule will dissociate along the corresponding coordinate.

The exact energy eigenvaues and normalized eigenfunctions of the Schrodinger
equation,

V(z) = -V )

R 92 Vo
L — E'(2), 2
%3 Shz(w)}w(x) $() @
have been given by Nieto [31]:
, h2a?2 1\ 1 8ulp 12
E”“Z[‘(’HE)JFE 1+W}’ 3

where 4 is the reduced mass, V4 the dissociation energy, and « the anharmonicity
constant. By introducing the relation

h2a?
ST @
one finds from equations (3) and (4)

4
W=k 1+%. (5)
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Figure 1. Schematic representation of the potential energy curves Vi(x) and Vi(x) for an out-of-plane
mode (subscripts i, f denote the initial (excited) and final electronic states).

Equation (5) can be solved for «,

2
w
The energy E;l can be expressed in the more conventional form:
, K 1 1\2
En:En_VO_Z’ En:w<n+§)—n<n+§) (7)

The values for E,, and n have to obey the following restriction imposed by the disso-
ciation limit Vp:

nmax = integral part of <i — }> (8)
2k 2

Equation (2) leads to the following solution for the wave functions:

_ N Y
00) = s [ s=3(-1+2), ©
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where N (n) isthe normalization constant and fe,,(ax) and f, ,(ax) are hypergeometric
functions for even and odd n (see equations (15.5.3) and (15.5.4) of Abramowitz and
Stegun (AS) [1]):

fen(azx) = 2F1 <%, % —s; %; - Sinhz(ax)>,
n=0,24,..., (20
n=135,.... (11)

When the first label n in ahypergeometric function is anegative integer, then the hyper-
geometric function can be expressed as finite power series by using equations (15.4.1)
and (15.5.3) of AS[1].

For even n one obtains the solutions

Ne(n)

we,n(x) = mfe,n(ax)n (12)

n/2 Y
_(n n (—1y 29 sinh? (ax)
feten) = (G (o5 +3) 2 @z ie—wz-i7n

and for odd » one obtains

Yion(e) = —o)_ (o), (14)

cosh®(ax)

fon(ax) = <n ; 1>! r (S -z ; 1) sinh(ar)

(n—1)/2 m2i a1 D
(—1)/2% sinh“ (ax)
S0 Dy e ey N
For the normalization constants Ne(n) and No(n) one finds the expressions
| (s=n) nl NM2s—n+1 1/2
Ne(n) = [O‘ 4 (n/N2T%(s —nj2+ 1)} ’ (16)
and
[ (s—m) n! r2s—n+1) 12
N = |o g e D e 1B )
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The transition matrix element for the nonradiative S1 ~» Sy process from the initia
vibrational state |n) to the fina state (m| takes the form
mli) = [ dunairae)do
_/OO N(n, ai)N(m, o)

_ oo COS (o) cosh® (o)

Jin(ix) frm(asz) de, (18)

where the subscripts i and f refer to the initial (excited) and final (ground) states. As
for harmonic potentials, the transitions from the excited vibronic state |n) to the final
state (m| are governed by selection rules. Non-zero matrix elements exist only for
transitions between odd-odd and even—even states. For even wave functions, one thus
obtains (6 = aj, a = af)

(mn)e= zﬁl [(si —n)(st — m)nIm!l(2si —n + DI (2sf — m + l)] 12

n/2m/2

(_1)i+j4i+j

g ;, 2% (n/2 = 2T (si —n/2— j + D(m/2 —i)!

y 1 /OO sinh? (8x) sinh? (o)
@) (st —m/2—i+1) ), cosh(Bz)cos (azx)

(19
and for odd wave functions,

(m|n)o= 2ﬁ3 [(si — n)(st — m)n!mlIF(2s; — n + 1) (2sf — m + 1)] 1/2

(n—1)/2 (m—1)/2 o
(—1)i+i 4t
- jzo X; ((n—1)/2— })(2j + 1!
1
“TGi—(m—1/2— )m —D/2— )12 + DIT(ss — (m —1)/2—4)
0 gnh®+1(3z) snh?+(az)
/0 cosh® (Bx) cosh® (o)

dz. (20)

For the general case o # (3, the solution of the integral in equations (19) and (20)
cannot be expressed in closed form. As only very little is known about anharmonic
force constants of out-of-plane modes [27,34], reasonable values for « and, hence, for
a are assumed in computational studies. The accuracy of these values is limited by
uncertainties in the dissociation energies and in the experimental energies of higher
members of the progression of the out-of-plane modes. However, by varying the
values of « the influence of the anharmonicities of the out-of-plane modes on the
matrix elements and nonradiative rates can be studied.
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In a forthcoming paper the general case of o # 3 will be treated. The present
study is restricted to the case o« = (3. By inserting the analytical expressions for the
integrals into equations (19) and (20), one obtains for even—even transitions

(m|n)e= ZSI—\/‘:’Zf [(si —n)(si — m)n!m!IlF(2si — n + 1)

1
M((st +51)/2+1/2)

x M(2sf —m + 1)] 12

n/2m/2 " AR .
(=) T((st + 8i)/2 — i — 5)(2i + 2j)!

22 2 ) T — 2= D21

1

j=0 i=0

2N —m2—i T G+ ) (21)
and for odd—odd transitions
(m|n)o= 2si\4r/§l [(si —n)(st — m)n!m!lF(2si —n + 1)
B 1/2 1

s ) G T 02
x (nZM (mZD/Z (" (s + 1)/2— j —i = 1)(2) + 2+ 1)!

& & ((-D2= R+ DT (s — (- D/2— )

1

" —D)/2— )@ + DI (st — (m —1)/2— )G + ) (22)

In appendix B of [24] recurrence formulas and asymptotic expressions for equa-
tions (21) and (22) are presented.

The calculation of nonradiative transition rates in molecules show that even in
case a 32 digit double-precision arithmetic is used numerical errors due to the numerical
cancellation of aternating terms in the summation occur. These numerical errors occur
especialy when large basis sets are necessary in order to describe the out-of-plane
modes. For benzene, for example, one has to evaluate matrix elements with final
(ground state) quantum numbers as high as ~75 for the 4 mode and ~100 for the
116 out-of-plane mode. In general, the quantum numbers of the excited state which
enter the calculations of the matrix elements are rather low (e.g., <20 fo the v4
out-of-plane vibration in benzene which corresponds to an excess energy of about
7000 cm™Y).

In the following, a closed form expression for the summations over the high fina
guantum numbers m in equations (21) and (22) will be derived. One starts by replacing
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the hypergeometric functions in equations (10) and (11) by Jacoby polynomials as given
by Gradshteyn and Ryzhik on [16, p. 1036, no. 8.962]:

2F1(—n', - —oB+1— Sinhz(z))

_rE+re' +19) 1 " s 20,y
= 131D (tanhz(z) — 1> Py7 (2tanh?(z) — 1). (23)

By inserting this expression into equation (18) and performing the transformation
y = tanh?(z) and y = (1 + t)/2 one finds

(st+si)/2—(n+m)/2—1/2
(m|n)e =7 Ne(n) Ne(m)(—1)"+m)/2 <}> '

L T/2+ DM (m/2+1)
F(n/2+ 1/2)T (m/2 + 1/2)

1
X/ldt(lt)(5f+8i)/2_(n+m)/2_1(1+t) 1/2p3'/2” 1/2(t)p3f =12,

(24)

2
Mn—1/2+Dr((m —-1)/2+1)
Mn—-1/2+1+1/2F((m—-1)/2+1+1/2)

/ (1 )(3f+s|)/2 (n—1+m-1)/2— ZWP(Z Z)%Z(t)P{:; 111);.42(75) (25)

(s1+si)/2—(n—1+m—1)/2-1/2
(mln)o = mNo(n) No(m)(~ 1) ~n=1/2 <}> f

For the initial state Jacobi polynomials, the explicit summation form is inserted:

aﬂ( )_( 1) rn'+a+1)F(n +8+1)
(D 2L+ 2)
Xlzzg“(n/_l)!r(nl+04+1—l)r(ﬁ+1+l)‘ (26)

By inserting (26) into equations (24) and (25) one finds

(st+si)/2—m/2—1/2
(e == Nelm)Nee)(- 1"

/24 D m/2 + D (si —n/2+ 1)
F(m/2+1/2)

(—D*
. kzo Fn/2— )T (s —n/2+ 1— B2+ k)

n/2
le(t),  (27)
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1 (st+si)/2—(m—1)/2+3/2
(mln)o = m Nl No(rr) (1) 2 3
r((n —1/2+Dr((m —1)/2+ I (si — (n — 1)/2)
F((m—1)/2+3/2)
(-
D S o T e Y (e T

(n-1)/2

Io(t), (28)

where
1
I(t) = / dt (1 — t)(Sf+Si)/2—m/2—k‘—l(1 + t)k—l/ZP;f/fzm,fl/Z(t),
N (29)

Io(t)—/ dt(l t)(Sf+S|)/2 (m—1)/2—k— 2(1+t)k+l/2PSf %}éz(t)

The term (14-t)**+1/2 in equations (29) is written as (1+¢)Y/2(1+t)* and by developing

k

k
@+ =t -1+2" =3 <l> 2~ (-1, (30)
1=0
one obtains from equations (29):
E g 1
Ie(t) = Z <l>2kl(_1)l /ldt (1 _ t)pe(l + t) 1/2P8f m,— 1/2(t)
1=0 -
pe = 3“2“3‘ -2 —k+i-1,
k 1 (31)
k S m,
I(t) = Z <l>2kl(1)l /ldt (1- t)p"(l + 25)1/213(7:1 1)/léz(t),
1=0 -
Sf + Si m—1
= - — - 2.
Po 5 5 k+1

Equations (31) have taken now aform which can be written as closed form expressions
as shown by Gradshteyn in [16, p. 841, no. 4]:

(si-+s)/2—1/2—m/2T (m/2+ 1/2)k!
=21 (m/2)
k
(=D (st + 5)/2—m/2 — k +])
X Zo Ik — D (Gt + )/2 — k+ 121 1)
r((Sf — Si)/2+ 1+k— l)
(st —si)/2—m/2+1+k—1)

(32)
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_ o(st+si)/2—(m—1)/2—1/2 Fr(m-1/2+1+1/2)
=2 ((m — 1)/2)

. i (1) ((st + 51)/2 — (m — /2 —1— k + 1)
Uk = DI ((sr +s)/2+1/2 =k +1)
F((st —si)/2+1+k—1)
F((st—s)/2—(m—1)/2+1+k—1)

By inserting equations (32) into equations (27) and (28), respectively, one finally
obtains for matrix elements with even quantum numbers:

(m|ne=m(~1)"/2 ( %> sitar

5 |:(Si —n)(sf —m)[(2si —n + DI (2si — m + Dnlm! 1/2
M2(st —m/2+ 1)((m/2)!)?
n/2
5 =
2 (nj2— WIT (s —n/2+1- Bk +1/2)

k
(=D (st + s1)/2—m/2 — k + 1)
% ; (& — DU (st + 50)/2+ 1/2 — k + 1)

C((st —si)/2+1+k 1)
(st —si)/2—m/2+1+k—1) (33)

In this derivation the summation over m with the many alternating terms is expressed
in closed form. This can still be demonstrated more clearly in case n = O:

si+sf—1/2
m0e=vi-9*(3) "

F@2s) F@2ss—m+1) m! %2

" [(sf BEDIECE m/2+ 1) ((m/2)!)?
C((st +s)/2—m/2) .

F((sf + si)/2+ 1/2) Oclsi, st), (34
M((st —si)/2+1)
F((st —si)/2—m/2+ 1)’
Oc(si, 51) = (—1)™/? r((sir((;f)/jf)ﬁ;gl/z) ’

The specia case s = s; is given in appendix B. For the evauation of the matrix
elements with odd quantum numbers equivalent steps lead to

Sf > Si,

Oc(si, 5f) =

st < Sj.
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Si+st
mn)o = m(—1)m-/2 1
(mlno = (1) (2)

[(si —n)[(2si — n + Dn!(sf — m)m!T(2s; — m + 1) 1/2
(((m = 1)/2))?r%(sf — (m — 1)/2)

- ,;0 ((n—1)/2— )T (s — (0 — 1)/2— BT (k + 3/2)

Nk — DT (st + s)/2+ 1/2— k + 1)
r((Sf — si)/2+ 1+k— l)

y i (1) (st + 51)/2 = (m — /2 = 1 — k +1)
(=0

(st —si)/2—(m—1)/2+1+k—1)’ (35)
and the specia case n = 1 takes the form
1 sit+si—1
(o= V(-2 3)
[(si — DI (2si)(st — m)mIT (2s; — m + 1)1Y2
M2(si)(((m — 1)/2)H)2M (st — (m — 1)/2)
R G i N ()

F((st + si)/2+ 1/2)
F((st —si)/2+ 1)
(st —si)/2—(m—1)/2+ 1)’

6 o) — (— m—-1)/2" ((si — s1)/2+ (m —1)/2)
Oo(si, s1) = (—1) G/ ,

The specia case s; = sj is given in appendix B. An inspection of the double sum
expression in equations (33) and (35) shows that it is possible to reduce the double
sum expression to a simple single sum expression. By reordering the terms in the
double summations one finds the following identities for even quantum numbers.

Oo(si, s) =

Sf > Sj,

st < Sj.

& (-D*

,;, (n/2 — k)T (si —n/2+1— k) (k +1/2)

y i (D (st + 5)/2—m/2 —k +1)
S (k= DUIT (st + 5i)/2+ 1/2 =k +]1)
r((SffSi)/2+l+k‘fl)
F((st —si)/2—m/2+1+k—1)
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1 f (—D)'F (st + 1)/2 — m /2 — DM (51 — $1)/2+ 1+ 1)
(=0

T AT (st + 81)/2+ 12— D (51 — s1)/2—m/2+ 1+ 1)

n/2

2%k ;1
: ; (n/2 — k)T (si —n/2+ 1 —k)(2k)!(k — )

(37)

Similarily, one obtains for the odd quantum numbers:

(n—1)/2 (_1)k

kzzo ((n—1)/2— BT (si — (0 — D2 — BT (k + 3/2)

(k =DM ((st + 81)/2+ 1/2 = k + 1)

F((st —si)/2+1+k—1)
(st —si)/2—(m—1)/2+1+k—1)

(nf/z (DT ((s1 + 50)/2 — (m = 1)/2 = 1= D (s + 51)/2+ 1+ 1)
=0

I ((st +s1)/2+1/2 = DN (st — 5i)/2 = (m —1)/2+ 1 +1)

k
«3 (=D'T((st +si)/2— (m—1)/2-1— k+1)
=0

_ 1
G

(m—1)/2

22k+lk.!

) kz::l (n—1)/2 = k)(k — DT (si — (n — 1)/2 — k)(2k + 1)

(39)

Closed analytical expressions can be derived for the second summation in equa
tions (37) and (38):

v 0% I
/; (' — R)IR)IT (@ —k+ 1) (kD)

ol T(a) 22 M(2a + 2n' — 2I)
@ TR) (W =D Ta—l+DM(a+n'—1)

”/ 22k !
/; (' — )T (b — k) 2k + 1)1 (k —)!

_ /T (b)22T(2b 4 2n' — 21)
@+ DI -DTO—-DFb+n' —1)

(40)

Applying identities (39) and (40) to equations (37) and (38) one finds the final form
for equations (33) and (35) which include only one summation in each formula. For
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the case of matrix e ements with even quantum numbers one obtains

B ) 1_ si+sf—1 o - ((n/Z)!)2 ml
(m|n)e = v/n(-1) 2<2> [(S. n)(sf —m) a2

M2(si —n/2+1) T(Q2st —m+1) T/z
F2si—n+1) M(sf —m/2+1)

(—1)122T (25 — 21)
s z:: 0(n/2 — DT (si —n/2— 1+ D (si — 1)

C((st +si)/2—m/2-1)  T((ss —si)/2+1+1)
C((st+si)/2+21/2—1) T((sf — si)/2—m/2+1+]1)’

ngsif%HH;Ao,foz,..., (41)

s # s,

and for the case with odd quantum numbers,

<mwwo=\ﬁﬂnwh”ﬁ(5>&+ﬁ4[@inXavnr———Ti———
> (G — /212

((n — 1)/ T%(si — (n — 1)/2) T(2sg —m+1) Y2
X nl F2s —n+1) T2s—(m—1)/2)

(22 (—1)'22r (25 — 21)

" ; N((n—1)/2 = DT (si — (n— 1)/2 = D (si — 1)

F((st +si)/2—(m—-1)/2-1-1) M((sr —si)/2+1+1)
F((st + si)/2+1/2 1) C((st —si)/2— (m —1)/2+1+1)’
si # s, Sf;s‘—m;1+1+z7&o,—1,—2,.... (42)

Equations (41) and (42) are the exact solution for the Roser—Morse matrix elements and
Franck—Condon factors, respectively. The special cases s; = sj and (st — si)/2 = M
(M integer) are given in appendix B.

Equations (41) and (42) can be expressed in a form which alows to apply re-
currence relations for the numerical calculation. At the same time the matrix elements
can be explicitely given in a composite form

n/2

(m[n)e = (m|0)ede(n) Z Se(l), Pe(n) =
=0

1 2(si — )M (2s))1Y2

nT@si—n+1)]| (43)
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where

Se(o):]-,
I1n—-2D)2si—n—20) (sf—s+20+2)
21+ (2si—2 -1 (si—si—m+2+2)

(st +si—20—1)
(sf +si—m —21—2) Sell),

Se(l + 1) =

(44)

(n—1)/2
(mln)o = (m|L)odo(n) > Soll),
= (45)

C[l(si—n)  T2s) Y2
doln) = [E (si—1D)Tr@2si—n+ 1)] ’

So(o):]-,

1 —-2-1)2si—n—-1-2) (st —si+2+2)

Sol +1)=—3 (1+1) (2si—1—21) (st — si —m + 3+ 20
(s +si—1—20)

(sf +si —3—m — ZZ)SO(I)'

(46)

The following recurrence relations for (m|0)e (equation (34)) and (m|l), (eque
tion (36)) hold:

(m+1)(ss—m—2 (2s—m) ]2

(m+2) (ss—m) (25t —m—1)

(st —si—m)
(st +si—m—2) (ml0)e, “n

[T @si) F(2s0) ]2 12((s1 + 1)/2)
(010 = [r2<so r2<5f)} oo

For si, sf > 1, the matrix elements (0|0)e can be approximated by

Si5f T/Z
Si + St '

<m+2|o>e={

(010)e ~ [2 48)

Similarily, one can deduce the equivalent recurrence relations for the odd matrix ele-
ment (m|1)o:

(m+21)o=

(m+2)(5fm2)(28fm1):|1/2

(m+21 (sf—m) (25 —m)

< (si — st +m —1)
(si+ st —m—23)

(m|1)o, (49)



52 H. Hornburger, G.H.F. Diercksen / Expressions for Rosen—Morse Franck—Condon factors

[(2si) T(2s1) Y2 (st + 51)/2) 2
M2(si) r2(Sf)] C(si+s1) (si+st—2)

and for sj, sf > 1, the matrix elements (1|1), can be approximated by

—_ 13/2
(1|1)o ~ {2 m} . (50)

Si + St

(UL)o=|(si — (st — 1)

For the ¢e(n) and ¢o(n) in equations (43) and (45), the following recurrence formulas
follow:

Pe(0) =1, o
| (si=n—2)(2si —n — 1)(2si — n) 1/2
de(n +2)= [ (si —n) (n+(n+ 2 ] oe(n),
and
Po(1) =1, o

(i —=n—2)(2si —n —1)(2si — n) 1/2
e R e B
To clarify the structure of the summation terms the first few are given explicitely.

The matrix elements between states with even quantum numbers assume the following
form:

1
(min)e=(miOyeter{ 1+ -9(3) T o)
" (st —si+2)(st +si — 1)
(st —si+2—m)(st +si —m—2)
21 2n(n —2)(2si —n)(2si —n — 2)
D) (E) 1.2 (25 — 125 —93)
(st — si + 2)(st — si +4)
(st — si —m+ 2)(st — si —m +4)
(st + si — D)(st + si — 3)
(st +si—m—2)(st +s—m—4)

1\3n(n — 2)(n — 4)
+(1)3<§> —

1.2-3
(2si — n)(2si —n — 2)(2si —n — 4)
(2si — 1) (2si — 3)(2sj — 5)
(st = si + 2)(st — si +D(st — si +6)
(st — si —m +2)(st — si —m +4)(st — si —m + 6)
" (st + si — D)(st + si — 3)(st + si — 5)
(st + si —m — 2)(st + si —m — 4)(st + si — m — 6)

X
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1-2-3-4
(2si — n)(2si —n — 2)(2si —n — 4)(2si — n — 6)
(2si — 1)(2si — 3)(2si — 5)(2si — 7)
(st — si + 2)(sf — si + D(st — si + 6)(st — sj + 8)
(st —si —m~+2)(sf — si — m +48)(st — si — m + 6)(st — si —m + 8)
“ (st + si — 1)(st + si — 3)(st + si —S)(st +si —7)
(st + si —m — 2)(st + si —m — 4)(st + si — m — 6)(sf + si —m — 8)

2 wi2—1 [

1\*n(n — 2)(n — 4)(n — 6)
+ (1)4<§>

X

For the matrix elements between states with odd quantum numbers, the following
terms are obtained:

I\ (-1 @2si—n—1)
(min)o= it 1+ (-7 (5 ) CTR
(st —si +2) (st +si— 1)
(st —si—m~+3)(sf+si—m—23)
5 (1\?(n — D)(n — 3) (2si — n — 1)(2si — n — 3)
(= <§> 1-2 (2si — 1)(2si — 3)
(st — si + 2)(sf — si +4)
(st — si — m + 3)(sf — sj — m + 5)
(st +si — 1)(st +si — 3)
(st +si —m —3)(st +si —m —5)
3( 1\’ (n = D(n — 3(n - 5)
D (E) 1.2-3
(2si —n —1)(2si — n — 3)(2si — n — 5)
(2si — 1)(2si — 3)(2si — 5)
(st — si + 2)(sf — si + D(sf — si + 6)
(st —si—m+3)(st —si —m+5)(sf —si—m+7)
“ (st + si — (st + si — 3)(st + si — 5)
(st +si—m—3)(st +s—m—5)(sf+si—m—7)

ey (LR
o (-1) > . (54)

X

In appendix A, the exact matrix elements are explicitely given for n = 2—7.

In anext step, it is tried to find an approximate solution for the exact results of
equations (41) and (42) and especialy a closed form expression when s; > n. The
terms within the summation in equation (41) can be separated into an exact part 1(J)
which allows no simplification and an approximatable part o¢(l) which consists of five
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Gamma functions. Instead of the exact expression, the asymptotic forms are inserted,
where for a > 1 and ¢ < «a the relation

[(a +¢) ~ M(a)a*€*/ VY2 ~ T (a)a® (55)

is applied, so that one obtains

n/2 n/2 1\ 2
S =3 Ne@oed) ~ 00> (§> ML (56)
e =0 =0
_ (—1)'2%T ((st — si)/2+ 1+1)
Me(l) = I(n/2 — DIF((st — si)/2—m/2+1+1)’ (57)
B F(2si — 2D ((st + si)/2—m/2—1)
o) = P = n2— T4 D (s — DT (o1 + )2+ 12— 1) 8)
where )\ shows the following parameter dependence:
Mo — (si —n/2+ 1)(st + si +1)1 (59)
si(st + si —m)
and the summation index [ independent form of o¢(l) yields
_ F(2s)M((st + si)/2—m/2) (60)
780 T )M (s — n/2+ DN (51 + )/2+ 1/2)
Thus the summation in equation (56) yields
n/2 i
_ (D' ((st —si)/2+1+1) I
Ze: N Je'olzz(; Nn/2 -0 ((st —si)/2—m/2+ 1+ l))‘e' (61)

This summation can be set in relation to the Jacobi polynomials [1, p. 775, ho. 22.3.2]

_ M((sr —si)/2+ 1) (s1—si)/2—m/2(m—n),2
) oy oy e Y N (1=2%). (&)

e

Substitution of the Jacobi polynomias by the hypergeometric function [1, p. 561,
no. 15.4.6]

MNa+n'+1)

PoPl—2)=——— "~
v (=20 = e T D)

oFi(—n/,a+B+n+1La+17) (63)

leads to
Z B F((st —si)/2+ 1)
~ 702N (51 — ) /2 — m/2 + 1)

n St — S SE—8 m
Rl —= 1 ——=+LX). 64
X2 1< 2! 2 + 3 2 2+ 1 e) ( )
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Finally, inserting equation (64) into equation (41) leads to the following approx-
imate solution:

(m|n)e~ (m|0)ege(n)

n St — Sj Sf — Sj m n
Fil —=, 1; ——+1 X, i —. 65
X 2 1( > > + > > + e) Sj > 5 (65)

A similar treatment for matrix elements with odd quantum numbers leads to

(n—1)/2 (n—1)/2

21
d =) Nooo) =000 Y <%> Mo()AL, (66)
(o] =0 =0

(—D'22T ((sf — si)/2+1+1)
N(n—1)/2—DIT((st —si)/2—(m—1)/2+1+1)’

F(2si — 20 ((sf +si)/2—(m—-1)/2-1-1)
M(si—(n—1)/2 =0 (si — DM ((st +s1)/2+1/2 1)’
(si — (n—1)/2)(st +si + 1)

o= si(si+si—m—1 ' (©9)

oo T (st +50)/2— (m — 1)/2 1) 70
O (s (si — (n — D)/ (st + s1)/2+ 1/2)
After rearranging and inserting equation (66) into equation (42), the approximate so-
lution for the odd matrix e ements is obtained as follows;

I_Io(l) =

(67)

oo(l) = (68)

S = oo it D2t = )/2 4 1) plrsy2-enn/20m-m/2(q 9y (71)

~ (G = s)/2— (m—m)/2+1) " (b2

(o]

(m|n)o = (m|1)opo(n)

n—1 s — s st—si m-—1
><2F1<— 5 ,f2 -+ 1 f2 - — 5 +1;/\0>. (72)

A closer analysis of equations (65) and (72) shows that still a further useful
simplification is possible. Assuming m < s¢ and s¢ > 1 one obtains for \e and
Ao approximately the values A\e = Ao = 1. As a consequence, the expression for the
hypergeometric function can be approximated using formula 15.1.20 of AS[1, p. 556]:

2F1<g, i ;Si +1; ;Si - % +1;>\e>
~ (—1)/? (m/2)! M((st —si)/2—m/2+1)
((m —n)/DNT((s1 — 5)/2+ 1= (m —n)/2)’

(73)
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2 ' 2 2 2

((m =21/ T((st — si)/2—(m —1)/2+ 1)
((m —n)/2'T((st — 5i)/2+ 1~ (m —n)/2)’
Siyst > 1, si>n, si > m.

1 s — s e 1
2F1<_n Sf S|+1_Sf si_m +1;)\0>

~ (—1)D/2 (74)

In equations (73) and (74), the asymptotic forms of the summations in the exact
expressions of equations (41) and (42) are introduced. However, by additional ap-
proximations of the prefactors (m|1), (m|0), ®e(n), and Py(n) one obtains a very
comfortable form for the Rosen—Morse matrix elements for small guantum numbers:

— s |
(mn)e ~ (0[0)el (‘” -+ 1) (b2, [10 gn/2

1 n/2

Si

=D =24 - -2 w2
5t — Si n+m)/2— m! n—
(min)o~ <1\1>or< ot 1) (=q)rem/emh [ = 2/
1 i(n—l)/2
=m0 (G — )2+ 1 n = n)/2) (ot 1+ sy 972" 7O
si,st > 1, s >m, si>n, m=n,
with the recurrence relations equally valid for even and odd quantum numbers:
L (m —n) 2s; ln
min+2) == =572 s —ming gm0
VT Dm 12 (st —si —m+n)
(m+ 2n) = ) G - s) (m|n), (78)
(4 2m+2) = —2 7" . (79)

ss+si—m-—1

The approximations in equations (75) and (76) are only tolerable for very low
guantum numbers. Thus the significance of these expressions lies mainly in the very
clear asymptotic parameter dependences and hardly in the numerical relevance, as for
low quantum numbers the exact solutions are superior.

3.  Conclusions

In this study exact analytical expressions for matrix elements and Franck—Condon
factors, respectively, have been developed for the modified Poschl-Teller oscillator.
The numericaly extremely instable double summation has been replaced by a simple
summation. As a consequence, the total set of matrix elements with quantum num-
bers defined by the complete basis set of the bound states can now be calculated.
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Approximate solutions which are satisfied for most cases of the molecular parameters
has alowed to find analytical closed form expressions without any further summation.
Thus the parameter dependence can be analyzed very clearly.

Appendix A

The explicite exact expressions for the matrix elements with occupation numbers
n = 0—7 are given. One starts from equation (43) for even matrix elements:

(m|n)e = (m|0)epe(n)Fe(n, m),

s (A.2)
Fe(n,m) = _ Se(l)-
1=0
Fe(0,m) =1, (A.2)
_ (si— 1) (st — si +2)(st +si — 1)
Fe(2m)=1- 2(28i — 1) (st — si —m+2)(sf +si —m —2)’ (A-3)
a4 51— 2 (st — si +2)(st +si — 1)
Fe ) = L A G — s~ Dot + s D)
L4 (si — 2)(si — 3) (st — si +2)(st — si +4)
(2si — D(2si — 3) (st — si — m + 2)(sf — si — m + 4)
(st + si — D(st + si — 3)
(st +si—m—2)(sf+si—m—4)’ (A-4)
4 (53 (st — si +2)(st +si — 1)
R | S T —)
412 (si — 3)(si — 4) (st — si + 2)(st — si +4)
(2si — D(2si — 3) (st — si — m + 2)(sf — si — m + 4)
(st + si — D(st + si — 3)
(st +si—m—2(sf +si—m—4)
_ g (51 = 3)(si —A(si —9)
(2si — D(2s; — 3)(2si — 5)
" (st — si + 2)(st — si + 4)(st — si + 6)
(st —si —m+ 2)(st — si — m + 4)(stf — si — m + 6)
(st + si — D)(st + si — 3)(st + si — 5)
A T ra——) e p——" M
For odd matrix elements, one starts from equation (45):
m|n)o = (m|1)odo(n)Fo(n, m),
(m|n)o = (m|1)opo(n)Fo(n, m) A8

(n—1)/2

Fo(nm) = So(l)-
=0
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Fo(l,m) =1, (A7)
4 o (5i—2) (st —si+ (st +si+1)
E S ey Y P | o ——— 1 (A9
_ (si —3) (st —si+2)(st +si — 1)
Fo(5m)=1- 4(28i —1) (st —si —m~+3)(st +si —m —3)
L4 (si —3)(si —4) (st — si + 2)(st — si +4)
(2si — 1)(2si — 3) (st — si —m + 3)(st — si —m +5)
(st + si — D)(st + si — 3)
(st + s —m —3)(sf +si —m —5)’ (A.9)
N Ol (st —si+ (st +si— 1)
Follm) == O ) (5t — i —m 1 3)(sr + s~ 3)
412 (si — 4)(si — 9) (st — si + 2)(st — si +4)
(2si — D(2si — 3) (sf — si — m + 3)(sf — si — m + 5)
(st + si — D)(st + si — 3)
(st +si—m —3)(sf +sj —m —5)
o (si=4)(si —5)(si —6)
(2si — 1)(2si — 3)(2si — 5)
(st — si + 2)(sf — si + 4)(st — sj + 6)
(st —si—m—+3)(sst —si—m+5(sf —si—m-+7)
(st + si — D)(st + si — 3)(st + si — 5) (A.10)

X .
(st +si —m —3)(st + si —m —5)(st + si —m —7)

Appendix B

For the special case s = si, one finds the following exclusion principles for
matrix elements with even and odd quantum numbers:

<m‘n>e,0 = 6n,m- (Bl)

Another special case exists if the arguments of the Gamma functions in the
denominators of equations (41) and (42) are negative integers
me=t_ 1 M 141 -0-1-2..., (B.2)
2 2
_st—s o m—1

Mo= 5 — +141=0,-1,-2,.... (B.3)

This can only be the case if (sf — sj)/2 is an integer. As the experimental value is not
known better than some 10~3 cm~1, one can simply introduce a small difference in
the frequencies and s, sg, respectively, to avoid accidental numerical instabilities.

The exact treatment yields further selection rules for even and odd quantum
numbers n and m.
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If M is a positive integer,

St — Sj

M==5—>0, (B.4)
then the restriction
mz_ "Myl (B.5)
implies that
(m|n)eo # 0, (B.6)
else that
(mln)eo = 0. (B.7)
If, however, M is a negative integer,
M= > 5o, (B.8)
then the condition
ULy V| (B.9)
implies that
(m|n)eo # O, (B.10)
else that
(m|n)eo = 0. (B.11)
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